Abstract. Let G be a locally compact group and H a closed amenable subgroup of G. We prove that every element in A p (H) with compact support can be extended to an element of A p (G) of which we control the norm and support. The result is new even for the Fourier algebra. Our approach gives us new results concerning the operator norm closure of the convolution operators of G with compact support.
Introduction
Let G be a locally compact group and H a closed subgroup of G. It is well-known that the restriction of A p (G) to H is precisely A p (H) for every 1 < p < ∞. This deep result was obtained independently by C. Herz in [6] and by J.R. McMullen in [10] . This extension property from A p (H) to A p (G) is important from the point of view of harmonic analysis. For instance the subgroup H is a set of p-synthesis in G if and only if there is a positive real number C such that every u ∈ A p (H) with compact support has an extension v in A p (G) with compact support and with
For p = 2 this problem is still open and far from being solved. Nevertheless, Herz (in the loco citato) solved this question for p = 2 and for any p, assuming H amenable or normal in G. In this last case, he obtained the p-synthesis of H in a much stronger form: given an element of compact support u ∈ A p (H), ε > 0, and an open subset U of G with suppu ⊂ U ∩ H, there is v ∈ A p (G) with v A p (G) < u A p (H) + ε, Res H v = u and supp v ⊂ U . We are able to obtain Herz's result for every closed amenable subgroup of G. However, we have to assume that both groups G and H are unimodular.
Our result is new even for the Fourier algebras A(H) and A(G).
We also construct a net of linear contractions (Γ α ) α∈I from A p (H) into A p (G) such that (Res H • Γ α ) α∈I converges to id A p (H) , in the strong operator topology of A p (H). This last statement can be interpreted as a substitute of the nonexistence of liftings of A p (H) into A p (G) ( [5] ).
Let cv p (G) be the operator norm closure of all p-convolution operators with compact support. Recall that cv 2 (G) is isomorphic to C b u ( G) for G abelian. Our approach to the extension property allows us to show that cv p (H) is a retract of cv p (G) in the category BAN of Banach spaces (and their isometries). Herz obtained this result in 1970, assuming G amenable and H normal in G. Moreover, we also show that cv p (H) is isomorphic to {T ∈ cv p (G)| suppT ⊂ H}, a result that Herz also obtained assuming H normal in G ( [7] ).
The material presented in this paper is drawn from a section of the author's doctoral thesis [4] written at the EPFL (École Polytechnique Fédérale de Lausanne). The author wishes to express his deep gratitude to Professor Antoine Derighetti for kind advice and precious encouragement.
Definitions and preliminaries
Let G be a locally compact group, H a closed subgoup of G and 1 < p < ∞. Throughout this paper we will denote with m G (respectively m H ) the left Haar measure on G (respectively on H). Moreover, we will indicate by L
and x ∈ G, we also denote f (x) by f (x) and f (x −1 ) byf (x). We recall that the Banach algebra A p (G) can be described as follows:
where
and for every u ∈ A p (H):
, for every x ∈ G and h ∈ H (we refer to [11] ).
r n * š n , and for every x ∈ G, we also have
Recall that r x,H (h) = r(xh) for every r ∈ C G , x ∈ G and h ∈ H. We also recall that there is a canonical homomorphism i of the Banach algebra
Moreover i is the dual of Res H . In this paper, we always suppose that q = 1, so we put Λ
3. An approximate theorem of convolution operators of a closed subgroup 
and, for every x ∈ K \ N , we have
so, by (2) we obtain that for every
It remains to prove that
by recalling that N = K \ M and by (1), we get 
Proof. Let U 0 be an open symmetric relatively compact neighborhood of e in G such that U 0 ⊂ U . By the previous lemma, there is a symmetric m G -integrable subset of G such that W ⊂ U 0 , m G (W ) > 0 and, for every x ∈ K, we have
The conclusion follows from (3) and (4). 
where ω is the canonical map of G onto G/H.
Proof. Let U 0 be a compact symmetric neighborhood of e in G with U 0 ⊂ U . By the previous lemma, there exists an open symmetric neighborhood of e in G such that V ⊂ U 0 and
,
Taking into account that A x ⊂ K H , we have
Then the conclusion follows from (5).
Lemma 4. Let G be a locally compact group and H a closed subgroup of G. We suppose that Res
and U an open relatively compact neighborhood of e in G, the following inequality holds:
Proof. We have
It suffices to verify that for a step function f on H with N p (f ) = 1 and for a step function g on G with N p (g) = 1 we have
. . , E m disjoint integrable and F 1 , . . . , F n also disjoint integrable sets. For z ∈ B where B = z z ∈ C, 0 ≤ (z) ≤ 1 we put
and
Then F is continuous on B and analytic on the interior of B. Moreover F is bounded on B; more precisely,
Letting y ∈ R, we have
on the other hand,
Using (6), (7) and observing that
by the Three Lines Theorem we obtain
Theorem 1. Let G be a locally compact unimodular group, H a closed amenable unimodular subgroup of G and m
Then there exist k, l ∈ C + 00 (G) with the following properties:
Proof. If G is compact or discrete, then H is neutral in G, so the theorem is true ( [2] , Proposition 2, p. 1429). So we suppose G is noncompact and nondiscrete. We also suppose ε ≤ 1.
There exists for every 1 ≤ j ≤ m and every n ∈ N, r
We can also find N ∈ N with
for every j = 1, . . . , m. Let U 0 be a symmetric compact neighborhood of e in G such that U 0 ⊂ U . There exists V , a neighborhood of e in H, such that
So we obtain
Let U 1 be a relatively compact neighborhood of e in G such that for every x ∈ U 1 , for every 1 ≤ n ≤ N , and for every 1 ≤ j ≤ m,
By Lemma 3 there exists U 2 , an open symmetric neighborhood of e in G such that U 2 ⊂ U 0 ∩ U 1 and
We set
To finish the proof it suffices to take
Extension theorem for the Figà-Talamanca Herz algebra
Corollary 1. Let G be a locally compact unimodular group, H a closed amenable unimodular subgroup of G and
Proof. There are sequences (r n )
r n * š n . By Theorem 1, there exist k, l ∈ C + 00 (G) with supp k,
The function Φ k,l (u) satisfies the required properties.
The main result of this work is the following.
Theorem 2. Let G be a locally compact unimodular group, H a closed amenable unimodular subgroup of
Proof. Let U be an open relatively compact subset of G with supp u ⊂ U ⊂ U ⊂ U . We use Corollary 1 to define by induction a sequence (h n )
The function ∞ n=1 g n has the desired properties.
Applications
Theorem 3. Let G be a locally compact unimodular group, H a closed amenable unimodular subgroup of G and
) with the following properties: 
and for k, l ∈ C 00 (G; C) we set
Let A be a finite subset of A p (H), B a finite subset of CV p (H), U an open neighborhood of e in G and ε > 0. Then Theorem 1 implies that the following set is nonempty:
Let K A,B,U,ε be the closure of
U an open neighborhood of e in G and ε > 0 . The net Γ satisfies the required properties.
Remark 2. If H is metrizable and σ-compact, it is possible to replace this net by a sequence.
Remark 3. If G is a locally compact group and H a closed subgroup of G, then the restriction map R : B(G) to B(H) need not be surjective when G is amenable, where B(G) is the Fourier-Stieltjes algebra of G which contains A 2 (G) = A(G), the Fourier algebra of G being a closed ideal. For G connected, surjectivity of R is equivalent to G being a SIN-group (see [1] and [9] ).
